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Abstract 

We give explicit constructions of quantum symplectic affine alge- 
bras at level 1 using vertex operators. 

1 Introduction 

Vertex operator constructions of affine Lie algebras started with the work 
of Lepowsky- Wilson |14] in the principal picture. The homogeneous con- 



struction was given by Frenkel-Kac g and Segal |15] for the simply laced 
types. The non-simp ly laced cases were provided in Q and These con- 
structions led to many applications in mathematics and physics. 

The quantization of these constructions for the quantum affine algebras 
started with the work of Frenkel-Jing Q, where the simply laced types were 
constructed. Subsequently the twisted types {ADE)'^'''> [|, type B^^ [|, |l| 
and G^2^ [| at level 1 were constructed. Very recently we have provided 
explicit realizations of the quantum symplectic affine algebra Ug{Cn^) at 
level — 1/2 in [^] , which are the so-called admissible representations (with 
rational levels). The bosonic realizations of Uq{Cn^) at level —1/2 were 
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obtained by implicitly quantizing some /37-system. All these constructions 
have been used in obtaining g-vertex operators, which in turn provide so- 
lutions to associated quantum Knizhnik-Zamolodchikov equations. 

In this paper we give an explicit construction of Uq{Cn^) at level 1. 
Our constructions can be viewed as a quantization of the constructions in 
IQ] and p. We consider some auxiliary bosonic fields to build the Fock 
space. The action of the quantum affine algebra on the Fock space is given 
via vertex operators. We hope that our paper also further clarifies and 
simplifies the classical constructions. 

The idea is to represent the vertex operator as a sum of two fields, 
where each one resembles to the original field operator. This idea was al- 
ready present in the classical cases, but one needs new techniques to be 
able to quantize the construction. 

The realization of level —1/2 is easier than the level 1 case due to 
the simpler character formulas and /37-system. As we saw in |12] the level 
— 1/2 construction is also completely free from cocycle consideration, which 
is critical in almost all level one cases. 

It turns out that there is really a subtlety about the sign changes 
in the construction. Besides the usual cocycle construction, we have to 
incorporate further sign factors (— (e = ±1) to simplify the original 
construction of . It is fair to say that the correct construction depends on 
whether we completely understand the behavior of the sign factors, which 
may partly explain why our simple construction is found now. 

In all rigorous constructions of quantum affine algebras, the Serre re- 
lations are always the most complicated relations to prove. As explained 
by Jing in ||^] and more generally in one has to be able to prove some 
combinatorial identities (cf. (pl| , |2^)). We use the ideas of 0] and |11] to 
prove all Serre relations. 

The paper is organized as follows. In section two we give the basic nota- 
tions and preliminaries. In the next section the main results are presented. 
The proof of the main theorem occupies section four. Our representation is 
a reducible representation, and we show that our space contains submodules 
with all level one dominant highest weig hts for Uq{cli-^). 



2 Quantum affine algebras Uq{C^^) 

Let ai = Si — ej+i = 1, • ■ ■ , n — 1) and a„ = 2e„ be the simple roots of 
the simple Lie algebra sp2n, and Aj = ei + ■ ■ ■ + ei {i = 1, • • • , n) be the 
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fundamental weights. Let P = Zei + • • • + Ze„ and Q = Zai + • • • + Za„ be 
the weight and root lattices. We then let Aj, i = 0, • • • , n be the fundamental 
weights for the affine Lie algebra 'sp2nj here Aj = Aj + Aq. We still use Oi 
(i = 1, • • • , n) together with qq as the simple roots for the affine Lie algebra 
sp2n- The nondegenerate symmetric bilinear form ( | ) on h*, the dual 
Cartan subalgebra of sp2„, satisfies that 



6ij, {6\ai) = {6\6) = for all I, (1) 



and then the generalized Cartan matrix (Aij) of Cn^ is given by Aij 
where di = ^ and {do, • • • , dn) = (1, 1/2, • • • , 1/2, 1). 
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For q generic (not a root of unity) let qi = q'^\i & I. The quantum 
affine algebra Uq{Cn^) is the associative algebra with 1 over C{q^/'^) 
generated by the elements x^, an, K^^, 7^^''^, Q^'^ {i = 1,2, A; € 

Z, / E Z \ {0}) with the following defining relations : 

[7±i/2^^] = for all n G [/^(CW), (2) 

[{a^\aJ)k] 7^-7-^ 
k q — q~^ 
[aik,Kf] = [g±^Kf]=0, (4) 

Q'^xfk^"^ = Q'^xfk^ q'^auq-'^ = q^au, (5) 
K,x%K-' = (6) 



(7) 



{z-q^'-'^^\'^^^w)Xf{z)Xf{w) + iw-q^^''^\''^h)Xf{w)Xf{z)=0{8) 

[x+(.),xrH] = — ^-^UiW^'n—) 

[qi - q, )zw V z 



^^{wr"'n^)] (9) 



where Xf{z) = Y^nez^tn^ " ^ V'im and (pim {m G Z>o) are defined by 

oo 

m=0 

oo 

m=0 



3 



r=0 



m 
r 



xXf{w)Xf{Zr+,)---Xf{z„ 



O,forz/j. (10) 



where [m]i = (gf - qT^/iQi - C')- 



3 The main results 

Let m G Z. Let ai{m) {i = 1, • • • , n) and bi{m) (i = 1, • ■ ■ , n — 1) be two 
sets of independent operators satisfying the following Heisenberg relations: 

[ai{m),aj{l)] 
[ai{m),bj{l)] 

In order to construct the Fock space we introduce an identical copy of 
the root lattice of A^-i as the sublattice Q = Q[An-i] of short roots of Q. 
The basis of Q will be denoted by aj, i = 1, • ■ ■ , n — 1. Thus 

We also consider the associated weight lattice P = defined by the 

inner product. 

The Fock space V is defined to be the tensor product of the symmetric 
algebra generated by ai{—m),bi{—m) and the group algebra generated by 
(g) such that (a^lA) it (cKjlA) G Z for each z G {1, • ■ ■ , n}, where A G P 
and A G P. Note that we treat a„ = 0. 

The action of ai{m) and bi{m) with {m ^ 0) on V is obtained by 
considering the Fock space V as some quotient space of the Heisenberg 
algebra tensored with the group algebras of P and P. The operators ai(0), 
6i(0), e'*, e° act on V by 

ai(0)e^e^ = (Qi|A)e^e^, 6i(0)e^e^ = (Qi|A)e^e^, 

The normal product : : is defined as usual: 

: ai{m)aj{l) := ai{m)aj{l) {m < I), or aj{l)ai{m) {m > I), 



= W.,o^H, (11) 

= 0, [ai{0),aj{m)] = [bi{0),bj{m)]=0 
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:e"a,(0) :=: a,(0)e" :=e%(0), 

:e%(0) :=:bi{0)e" := e%{0) . 

and similarly for product involving the bi{m). 
The degree operator d is defined by 

d.v = {mi + --- + ms + li + --- + lt + (A|A) + (A|A))i;, 

where v = aij(mi) ■ ■ ■ ai^{ms)bj^{li) ■ ■ ■ bj^{lt)e^e^ is a basis element in V. 

It is easy to see that ai{m),bj{l),e°'\e'^^ commute with each other 
except that 

[ai(0),e°^] = (ai|a,)e"^ [6i(0),e^^] = {ai\aj)e^L 

Let £( , ): P X P — > ±1 be the quasi-cocycle such that 

e{a,P + 9) = e{a, l3)e{a,d), 

s{a + /3,e) = e(a,^)e(/3,0)(-l)("+^-"-^l^), 

e{a,(3 + e)e{l3,e) = £(a,/3)£(a + 
where the — is the projection from P to P defined by 

n 1 

a = ^^rriiai G P i — > al = ^ mjaj, = mi{mod2). 

i=l i=l 

We construct such a cocycle directly by 



(12) 



and it is easy to verify that the quasi-cocycle satisfies all the defining rela- 
tions. In particular, we have 

/ N f (-1)2(">I"^), ifl<i,j<n-l 

s(a„a,)s(a,,a,) = | ^_^^(,^,,^)^ otherwise ^'^^ 

For a G P we define the operators on V such that 

Eae^e^ = e{a, X)e^e^. (14) 
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then 

= e(a, a)e/3ea- (15) 

We denote Ei = for i = 1, • • • , n. In particular, we have: 

EiEj = (-l)2(°»l"^)ej-ei, l<i,j<n- 1, 

EiEji — ( 1) ^ * ^ ^ EnEi , i — 1, ■ • • , Ti 

We can now introduce the main vertex operators. 



(0) 



[/,(.) =exp(5:^z'=)exp(-5: 

fc=i -I fc=i I- J 

?7;(z) = exp(- f; ^^z") exp(f; ^ ^-'^^-"^^ ^"^^ ^ 



- [fc] " -^^-,tt [A:]"" " 



where i € {1, • • • j G {1, • • • ,n — 1}. For simphcity we define Z^{z) = 1. 

Theorem 3.1 The Fock space V is a Uq-module of level 1 under the action 
defined by 

aim I — > aj(?ra), 7 I — > g, 

T/ie module V contains suhmodules generated by the highest weight vectors 
g^i^^i with weight Aj where i = 0, ■ ■ ■ ,n. Here we denote Aq = Aq = 0. 

4 Proof of the main theorem 



In this section we prove theorem 3.1 by vertex operator techniques. Since 
the operator ai{m) commutes with bj{m) (or the operator Y-^{z) commute 
with Uj{w) and Uj{w)) it is clear that relations (§-0) satisfy the Drinfeld 
relations. 
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Following Q we use basic hyper geometric series to simplify the pre- 
sentation. 

For a € R we define 

where {w;q^)oo = nj^^o(l ~ wq^^) is the usual g-number. Note that these 
g-series are defined as power series in w. The first few examples of q- 
polynomials are listed in the following. 



(l-z)J. = {l-qz){l-q''z) 



It is clear that 



(1 - 



(1 - 



For e, e' E {it = ±1}, the operator product expansions (OPE) are 
given by: 



Yi'{z)Yf{w) = : Yi'{z)Yf{w) : (1 - q-^'+^'^/^w/zY^^'^'''^''''' 

(16) 

U,{z)U,{w) = -.U.izPjiw) : {l-w/z)lT^''^\("^^-^\ (17) 
Ui{z)U*{w) = ■.U,{z)U*{w):{l-w/z)^,^'''^"'h-^^^\"^\ (18) 
and the OPE's among U*{z) are the same as (jl^). 

Proof of relation (^). There are four cases to be considered: {ai\aj) = 
—1/2, {ai\aj) = —1, {ai\aj) = 1, and {ai\aj) = 2. Note that the construc- 
tion of X^{z) implies immediately that the last case holds because they are 
the same as the simply laced cases. Since the other verifications are similar, 
we just show some computations in the following. 
First let us consider {ai\aj) = —1: 

{z - qw)X~^^{z)X~{w) 
= ■ Xn-i{z)Xn{w) : using ([l 
= {qz - w)X-_^{w)X-{z) 
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For simplicity in the following we will usually write 

which is considered as a power series in wjz. 
For i = 1, • • • , n — 2 we have that 



Xt{z)Xt^^(w) 



{: U.{zq'/'n^^{wq'/') : {z - w)-'/\'/' 

^(_l)2a,+i(0) . Ui{zq^/^)U*_^^{wq"^/^) : {z - qw)^/^q'^/^ 

+ (_l)2a,(0)+l . U*{zq''/'n+,{wq'/') : {z - q~'w)y'q'/^ 

+ (-lf-m+2a,+i(0) , u:{zq-^/^)U*_^,{wq-'/^) : {z - wy^'^-^'^) 

Using {z — w)~^/'^{z — q~^w)^^^'^ = {z — q^^^'^w)^^ we have 
X+{z)X+^,{w) = SiE^+i : y+y+i : (: UiUi+i{w - q'^l^wy^^'^ 

1/2 

z — q 

+(-l)i+2«.+i(0) , UiU*^, : gi/^ 

^(_l)2a,(0)+2a,+,(0) ^ U*U*^,{w - g"V2^)-l^-l/4^ ^ 

^from which it follows that 

{z - q''/'w)X^{z)Xl,{w) + {w- q-"'z)Xt,,{z)Xt{w) 
= 0. 



Proof of relation (|^) . Again we need to consider the following four cases: 
{ai\aj) = —1/2, [ai\aj) = —1, {ai\aj) = 1, and {ai\aj) = 2. We only give 
the proof for i = j = 1, ■ ■ ■ ,n—l, since the other cases are either immediate 
or similar to our previous considerations. 
^From (|l6HlD it follows that 

X+iz)Xr{w)=el.Y+iz)Y+{w): 
{■.U.iq'/'zmq'/'w):q'/' 
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+ (_l)2a.(0) . Ui{q^/^z)U*{q-'/^w) : ^ 



(q^/'^z — q ^/'^w){z — w) 
1 



{q ^/"^ z — q^/'^w){z — w) 
+ {-If-M : U:{q-^'^z)U*{q-^/^w) : q~^/^) 

Then we have 

[Xt{z),Xr{w)] 



(q^/'^z — q ^/'^w){z — w) 



1 



(q i/^u; — q^/'^z){'w — z) 



1 



[q ^/'^z — q^/'^'w){z — w) 
1 



{q^/'^w — q ^/'^z){'w — z] 
1 



+e : U*U^Yr : — -— — - 5{-) 

[q^l^ — q ^l^)zw \ z z 

{Qi - Qi )zw \ z z 



-1 N 



Proof of Serre relations (IC). For i = 1, • • • , n — 1, let us write the 
operator Xf{z) as a sum of two terms: 

= Xf^{z)+Xt{z) 

where we identify U^{z) = Ui{z) and Uf{z) = U*{z). 
^From the OPE it follows that 

X+^{zr)Xt^{z,)Xt,,^^{w) =:X+ (z2)X+i,,M : 

x(2l - q-^Z2W'^Zi - q'^l'^z^r^'^-'l'' 

{z\ — q^l'^w)~^ {z2 — g^/^tu)^^ 
zi — q~^l'^w Z2 — q~^l'^w 
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where we include the sign factor (— 1)''^ <:)ai(o) ^^^^ ^. ^.j^g normal ordered 
product. Similar normal product computation gives that 



^ ^■^(e,-e2)/2 izi-q'^^w)^'^{z2-q'^^W) 2 

{zi — q~^/'^w){z2 — q~^/'^w) 

^[91 ( .^(e^-e2)/2 {Zl-q''^w)^^^{q''^W-Z2)- 

^^'^'^ ^ {zi-q-V^w){w-q-y^Z2) 



(19) 



{w — q ^/'^zi){w — q '^l'^Z2) 

where each term in the parentheses corresponds to the OPE's for the three 
normal products, and we have also used the relation: 

■ XtM)^U^'^)^U.M ■■= - ■■ X+M)X+^,^^{w)X+Jz2) : . 
We first claim that for ei 7^ £2 we have 

Xt.M)XtJ^^)Xl,^,{w) - [q^' + q-y')Xi^{z,)Xl,^^{w)X+Jz2) 

(Z2) + (z, ^ Z2,ei ^ 62) = (20) 

The claim is verified by checking 4 cases for e, e,,, which are all similar 
and relied upon the following important identity fl^ : 

{zi — aw){z2 — aw) + (a + a~^){zi — aw){w — 0^2) 
+{w — azi){w — az2) 
= (a^^ - a)w{zi - a^Z2) (21) 
for any a G C. 

In fact for e = 1, ei = —62 = 1, the parentheses in ( [l9|) is simplified to 
the following expression times ni(-2« ~ q~^/'^w)~^ ■ (w — q^^^'^Z2)^^ ■ 

((^, _ qy^w){z2 - q'/^w) + [2],(zi - q'/^w){w - q'/'z2) 
+ {w-q^'^Zi){w-q^l^Z2)) 
= iQ~^^'^ - q)'w{zi - q^^Z2). 
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Under the symmetry {zi,€i) ^ {z2,^2) it follows that the claim holds 
due to 

w{zi - q^^Z2) + w{q~^Z2 - zi) = 0. 

We now turn to the other 4 cases with ei = e2- The 4 cases are also 
similar. Take the case e = — ei = —62 = 1 for example. Using the identity 
(21) again to simplify the parentheses in ([l9|), the contraction function in 
the Serre relation becomes 



- ^{zi- q ^Z2){zi - Z2) 



{zi - q^/'^w){z2 - q^^'^w) 
{zi — q~'^l'^w){z2 — q~^l'^w) 



zi — q I w I 
_ g~^(g~V^ - q^l'^)w{zi - Z2){zi - q''^Z2){zi - qz2) 
{zi — q^^/'^w){z2 — q~^l'^w) 

which is anti-symmetric under {zi ^2), hence the sub-Serre relation is 
proved in this case. That is, 

Xt^{zr)Xt^{z2)Xt,,^^{u,) - + (zi)Xii,,(^i;)X+ 

(Z2) + (^1 - Z2) = 

Combining this sub-Serre relation with (20) we prove the Serre relation for 

We remark that the case An-i^n = — 1 is easily proved by using the 
identity (^) with a = q. 

Finally let's show the fourth order Serre relation with An^n-i = —2. 

iX+_,{z,)X+_,{z2)X+_,{zs)X+iw) 
-[3],i/2X+_i(zi)X+_i(z2)X+(«;)X+_i(z3) 
+ [S]^i/2Xti{zi)X+{w)X+_i{z2)X+_,{z3) 
-X+iw)X+_,izi)X+_,{z2)X+_,izs)) = 

First we have 

XLl,eM)^tl,J^2)Xtl,Jz,)X^^^{w) 

^ . . . ni<.<,<3(^. - q-'z,W^/^z, - q^^/'^zjr'^ 

""^•'^^^^^ ' " " ■ ULlizi - q-^w)iq'^/^Zi - q'/^wY^' 
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Pulling out the common normal product we have 

+ [3]gi/2X+_i^^j(zi)X+,(u')X+_i^^2(z2)^+_l,,3(z3) 

-X+,(«;)X+_,,,^(zi)X+_i,,,(z2)X+_,,,3(z3)X+,(u;) 
^ ^+ . Y{i<i<j<zQ~^{zi - q-^Zj){q'^/^Zi - q'^/^ZjY^'i 

"-^•^^^^'^ ■ ■ ■ • nLl(^i - q-^w){w - q-^Zi){q^^/^Zi - q^/^wY^^ 
■ (^{zi - qw){z2 - qw){zs - qw) + [3]gi/2(2;i - qw){z2 - qw){w - qz^) 
+ [3]gi/2(2i - qw){w - qz2){w - qz^) + {w - qzi){w - qz2){w - qz^fj 

The Serre relation is then equivalent to the following combinatorial 
identity (cf. 

{(zi - qw){z2 - qw){z3 - qw) 

0-GS3 

+ [3]^i/2(2;i - qw){z2 - qw){w - qz^) 
+ [3]gi/2(^i - qw){w - qz2){w - qz^) 

+ {w - qzi){w - qz2){w - qz^)} ]J (zj - q'^^Zj) = (22) 

i<«<i<3 

where the symmetric group 6*3 acts on the ring of functions in 2j {i = 1,2,3) 
in the natural way: a.Zi = Zfj(j_y Note that the expression in the parenthesis 
can be simplified to 

{q'^'-q) [w^izi -{q + q'^)z2 + q^z^) + ^(21^2 - {q + q~'^)ziZ3 + q^Z2Z3)j 
Hence the identity (^2|) is equivalent to the following. 

sgn{a)a.{zi - {q + q^)z2 + q^z^) \{{qzi - Zj) = (23) 

cr&S-j, i<j 

which was already proved in [12|. The proof of the Serre relation is thus 
completed. 

Highest weight vectors. To calculate the highest weight vectors we need 
the exact isomorphism between Drinfeld realizations and the Drinfeld- 
Jimbo definition of quantum affine algebras. Prom |10| we have 

eo = [Xf(0),---,X-(0), 

^r7-l(0)'- • • )-^r(l)]q-l/2,...,q-l/2,g-l,g-l/2^..._g-l/2^l7/C^^ 
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where Kg = ■ ■ ■ K^_iKn- The g-multibracket is defined inductively by 
[oi, 02)1; = aia2 — va2ai 

[ai, 02, ■ • • , Cln]vi,---,Vn-l ~ [^2) ■ ■ ■ ) (^n]vi,---,Vn-2]vn-l 

Standard calculation of contour integrals of vertex operators will im- 
mediately give the following result. 

Lemma 4.1 (i) Let A G P and \ e P be dominant with (A, Oj) = {X,ai), 
then for any j = 1, • • • , n and n>0 we have 

X+{n).e^e^ = 0. 

(a) For the fundamental weights Xi E P, Xi E P we have for j = 1, ■ ■ ■ ,n 

Xr(0)e^e^ = -e{ai, Xi)e^'-"'e^'-^'6ij, X-{l)e^^e^* = 0. 

Using this lemma and the isomorphism of cq and Cj it is easy to see 
that e'^^e^^ (i = 0, • • • , n) are indeed highest weight vectors contained in the 
module V. 

Acknowledgments 

The first author (NJ) is supported in part by NSA grants MDA 904- 
96-1-0087 and MDA 904-97-1-0062. The second author (YK) is supported 
by the JSPS Research Fellowships for Young Scientists. The third author 
(KCM) is supported in part by NSA grant MDA 904-96-1-0013. The second 
author (YK) thanks the mathematics department at N. C. State University 
for the hospitality during his visit when part of this work was done. 



References 

[1] D. Bernard, Vertex operator representations of quantum affine algebras 
Uq{Bi^^), Lett. Math. Phys. 17 (1989), 239-245. 

[2] D. Bernard and J. Thierry-Mieg, Level one representations of the 
simple affine Kac-Moody algebras in their homogeneous gradations, 
Comm. Math. Phys. Ill (1987), 181-246. 

[3] V.G. Drinfeld, A new realization of Yangians and quantized affine al- 
gebras , Soviet Math. Dokl. 36 (1988), 212-216. 



13 



[4] LB. Frenkel and N. Jing , Vertex representations of quantum affine 
algebras , Proc. Nat'l. Acad. Sci. USA 85 (1988) , 9373-9377. 

[5] LB. Frenkel and V.G. Kac, Basic representations of affine Lie algebras 
and dual resonance models, Invent. Math. 62 (1980), 23-66. 

[6] P. Goddard, W. Nahm, D. Olive and A. Schwimmer, Vertex operators 
for non-simply-laced algebras. Comm. Math. Phys. 107 (1986), 179- 
212. 

[7] N. Jing, Twisted vertex representations of quantum affine algebras. 
Invent. Math. 102 (1990), 663-690. 

[8] N. Jing, Level one representations of Uq{G^2^), Proc. Amer. Math. Soc, 
to appear. 

[9] N. Jing, Quantum Z-algebras and representations of quantum affine 
algebras, preprint, 1997. 

[10] N. Jing, On Drinfeld realization of quantum affine algebras, in: Proc. 
of the ConL on the Monster and Lie algebras, 1996, ed. by J. Ferrar 
and K. Harada, W. de Gruyter Verlag, Berlin, to appear. 

[11] N. Jing, Quantum Kac- Moody algebras and vertex representations, 
preprint, 1997. 

[12] N. Jing, Y. Koyama and K.C. Misra, Bosonic realizations of Uq(Cn^), 
J. Algebra, to appear. 

[13] N. Jing and K.C. Misra, Vertex operators of level-one Uq{Bn^)- 
modules, Lett. Math. Phys. 36 (1996), 127-143. 

[14] J. Lepowsky and R. L. Wilson, Construction of the affine Lie algebra 
A^^\ Comm. Math. Phys. 62 (1978), 43-53. 

[15] G. Segal, Unitary representations of some infinite-dimensional groups. 
Comm. Math. Phys. 80 (1981), 301-342. 



14 



